ABSTRACT. In this paper we characterize the product of internally quasi--continuous functions and we construct a bounded internally quasi-continuous strongŚwiatkowski function which cannot be written as a finite product of internally strongŚwiatkowski functions.
Preliminaries
The letters R and N denote the real line and the set of positive integers, respectively. The symbol I(a, b) denotes an open interval with the endpoints a and b. For each A ⊂ R we use the symbols int A, cl A, bd A, and card A to denote the interior, the closure, the boundary, and the cardinality of A, respectively. We say that a set A ⊂ R is simply open [1] , if it can be written as the union of an open set and a nowhere dense set.
The word function denotes a mapping from R into R unless otherwise explicitly stated. The symbol C(f ) stands for the set of all points of continuity of f. We say that f is a Darboux function, if it maps the connected sets onto connected sets. We say that f is cliquish [11] (f ∈ C q ), if the set C(f ) is dense in R. We say that f is internally cliquish (f ∈ C qi ), if the set int C(f ) is dense in R. We say that f is quasi-continuous in the sense of K e m p i s t y [5] (f ∈ Q), if for all x ∈ R and open sets U x and V f (x), the set int U ∩ f −1 (V ) = ∅. We say that f is internally quasi-continuous [8] (f ∈ Q i ), if it is quasi-continuous and its set of points of discontinuity is nowhere dense; equivalently, f is internally quasi-continuous if f int C(f ) is dense in f. We say that x 0 is a point of internal quasi-continuity of f if and only if there is a sequence (x n ) ⊂ int C(f ) such that x n → x 0 and f (x n ) → f (x 0 ) (see [8] ). We say that f is a strongŚwiatkowski function [6] (f ∈Ś s ), if whenever a, b ∈ R, a < b, and y ∈ I f (a), f(b) , there is x 0 ∈ (a, b) ∩ C(f ) such that f (x 0 ) = y. We say that f is an internally strongŚwiatkowski function [8] (f ∈Ś si ), if whenever a, b ∈ R, a < b, and
Clearly, each strongŚwiatkowski function has the Darboux property. Moreover, we can easily see that the following inclusionś
Finally, the symbol [f = a] stands for the set x ∈ R : f (x) = a .
Introduction
In 1960 S. M a r c u s remarked that not every function is the product of Darboux functions [9] . The problem of characterizing the class of products of Darboux functions was solved by J. G. C e d e r [2] , [3] . In 1985 Z. G r a n d e constructed a nonnegative Baire one function which cannot be the product of a finite number of quasi-continuous functions, and asked for characterization of such products [4] . The following theorem (see [7, In this paper we characterize the product of internally quasi-continuous functions (Theorem 4.2) and we construct a bounded internally quasi-continuous strongŚwiatkowski function which cannot be written as the finite product of internally strongŚwiatkowski functions (Proposition 4.3). 
PRODUCTS OF INTERNALLY QUASI-CONTINUOUS FUNCTIONS

Auxiliary lemmas
The proof of Lemma 3.2 can be found in [10, Lemma 3.4] .
Ä ÑÑ 3.2º Assume that F ⊂ C are closed and J is a family of components
Ä ÑÑ 3.3º Let I = (a, b) and let the function f : cl I → (0, +∞) be continuous.
There are continuous functions
P r o o f. Define the functionψ : R → (0, +∞) bȳ
Choose elements x 1 , x 2 ∈ (a, b) and assume that x 1 < x 2 . Define the function ψ 1 : I → (0, +∞) by the formula
Observe that ψ 1 is continuous on I and it is easy to see that ψ 1 (a, c) = ψ 1 (c, b) = (0, +∞) for each c ∈ I. Now, define the function ψ 2 : I → (0, +∞) as follows
Since f is positive, bounded and continuous on cl I, the function ψ 2 is continuous on I and ψ 2 (a, c) = ψ 2 (c, b) = (0, +∞) for each c ∈ I. Finally, f = ψ 1 ψ 2 on I, which completes the proof. 
Ä ÑÑ
One can easily show that the function ψ has all required properties.
Main results
Remark 4.1º Product of two internally cliquish functions is internally cliquish.
P r o o f. If the functions f and g are internally cliquish, then the sets int C(f ) and int C(g) are dense in R. Hence, the set int 
Observe that the set R \ U is closed. Moreover, 
If
Now, define functions ψ 1J , ψ 2J : J → R as follows:
o t h e r w i s e ,
f (x) o t h e r w i s e .
Then, clearly, f J = ψ 1J ψ 2J . By condition (2) and since |f | > 0 on J, for i ∈ {1, 2}
ψ 1J and ψ 2J are internally quasi-continuous on J. Fix x ∈ J. If there is I ∈ I 1 ∪I 2 such that x ∈ int I, then, since ψ 1I and ψ 2I are continuous on I, the functions ψ 1J and ψ 2J are internally quasi-continuous at x. In another case, there are I 1 ∈ I 1 and I 2 ∈ I 2 such that x ∈ bd I 1 ∩ bd I 2 . Since ψ 1J (x) = 1 and ψ 1J = ψ 1I is positive and continuous on int I 1 , using (2), we clearly obtain that ψ 1J is internally quasi-continuous at x. Moreover, ψ 2J (x) = f (x) and ψ 2J is continuous on int I 1 , it has the same sign as the function f on I 1 . (Recall that f does not change its sign on J.) So, by (2), ψ 2J is internally quasi-continuous at x, too. Further, we define functions g 1 , g 2 : R → R as follows:
Then, clearly, f = g 1 g 2 . Finally we will show that functions g 1 and g 2 are internally quasi-continuous. Fix i ∈ {1, 2} and let x ∈ R. First, assume that there is J ∈ J such that x ∈ cl J. If x ∈ int J then, since g iJ is continuous on J and ψ iJ is internally quasi-continuous on J, the function g i is internally quasi-continuous at x. So, let x ∈ bd J. Since g i J is internally quasi-continuous, by (1) or (3), we clearly obtain that g i is internally quasi-continuous at x.
Assume now that x ∈ R \ J ∈J cl J. In this case, x ∈ R \ U . Since R \ U is nowhere dense and conditions (1) and (3) hold, for each n ∈ N, there is J n ∈ J such that J n ⊂ x, x + 1 n and there is
Hence there is a sequence (x n ) ⊂ int C(g i ) such that x n → x. Consequently, the function g i is internally quasi-continuous at x. This completes the proof. 
Since A is a G δ -set, then C \ A is an F σ -set, whence there is a sequence (F n ) consisting of closed sets such that
Define F 0 = ∅. For each n ∈ N, use Lemma 3.2 two times to construct a sequence of sets (F n ) and a sequence of families of intervals (J n ) such that
and for j ∈ {1, 2}, J j,n ⊂ I j ,
